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PRISMATIC COHOMOLOGY AND DE RHAM-WITT FORMS
S. MOLOKOV
Abstract. For any prism (A, I) we construct a canonical map
Wr(A/I)→ A/Iφ(I) . . . φ
r−1(I). This map is necessary for existence
of a canonical base change comparison between prismatic cohomol-
ogy and de Rham-Witt forms. We construct a canonical map from
prismatic cohomology to de Rham-Witt forms and prove that it is
an isomorphism in the perfect case. Using this we get an explicit de-
scription of the prismatic cohomology H i((S/A)∆,O/d . . . φ
n−1(d))
when S is a polynomial algebra over A/d.
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1. Introduction
This paper mainly deals with prismatic cohomology which was recently introduced
by B. Bhatt and P. Scholze in [5]. This theory works for varieties over p-adic rings,
and admits comparisons to various cohomology theories. When the base ring is
R = OC , where C is a complete algebraically closed extension of Qp, this theory had
been previously constructed by B. Bhatt, M. Morrow and P. Scholze in [3]. In that
case they proved a comparison with de Rham-Witt forms. This comparison was not
generalized to the general setting of prismatic cohomology so far.
The goal of our work was to obtain some results in that direction. We started with
the following question:
Question 1.1. Let (A, d) be a prism and S be a smooth A/d-algebra. Then for any
r ≥ 1 there is a functorial isomorphism of A/d . . . φn−1(d)-modules
WrΩ
i
S/(A/d) ⊗
L
Wn(A/d) A/d . . . φ
n−1(d)→ H i((S/A)∆,O/d . . . φ
n−1(d)).
If the previous statement is true one requires that for any prism (A, I) there is
a canonical map Wr(A/I) → A/Iφ(I) . . . φ
r−1(I). The construction of these maps
is the first result of this paper. Previously, the existence of these maps was known
only in the perfect case. Our proof was obtained via reduction to the case of perfect
prisms.
After constructing of these maps it is formal procedure to get a map
Wr(R)→ H
0((R/A)∆,O∆/dφ(d) . . . φ
r−1(d)).
1
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Moreover, the cohomology groupsH i(. . .) formally forms a commutative differential
graded algebra via a Bockstein homomorphism as a differential. From this one can
conclude that the desired maps from de Rham-Witt forms are unique if they exist.
The next result of this paper is the existence of these maps under some mild condition.
As with the previous result this was obtained by a complicated reduction to the case
of perfect prisms. For them we prove the following theorem:
Theorem 1.2. Let (A, d) be a perfect prism such that A/d is p-torsion free and S be
a smooth A/d-algebra. Then we have the functorial isomorphism
WnΩ
i
S/(A/d) → H
i(∆S/A ⊗
L
A A/d . . . φ
n−1(d)).
The perfect case reduces to a result of B. Bhatt, M. Morrow and P. Scholze in [3]
via Andre’s lemma (cf. [[5], Theorem 7.12]).
In general, it turns out that the statement in the Question 1.1 is false. Right
now it is unclear how one needs to modify the left-hand side. Nevertheless, when
R = A/d[T1, . . . , Tn] is a polynomial algebra, both sides of the 1.1 admit a sim-
ilar explicit description. Indeed, it is known from [12] that WrΩ
i
R/(A/d) is a cer-
tain infinite direct sum of copies of Wi(A/d) for 1 ≥ i ≥ r and it turns out that
H i(R/A)∆,O∆/dφ(d) . . . φ
r−1(d)) is an infinite direct sum, with the same index set,
of copies of A/dφ(d) . . . φr−1(d).
1.1. Acknowledgments. All the results of this paper was obtained during working
on my master thesis at Bonn University in 18/19. During my time as a student I
have benefited from the kindnesses of many people. It is a pleasure to thank them
here. First and foremost I thank my advisor Peter Scholze, who has been extremely
generous in sharing both his time and his mathematics. Moreover, the author is
indebted to Ilya Dumanski, who provided various helpful comments and suggestions.
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2. Perfectoid rings
In this section we give some recollection on perfectoid rings. We introduce the
Fontaine’s ring Ainf and maps θr and θ˜r which play a crucial role in p-adic Hodge
theory. Perfectoid rings are useful in a context of prisms since they naturally comes
as A/I where (A, I) is a perfect prism. Moreover, there is an equivalence between
the category of perfect prisms and the category of perfectoid rings where the functor
in the right direction is just (A, I)→ A/I. We follow [3] closely.
During this section we fix a prime number p. Let A be a commutative ring that is
π-adically complete where π|p and let φ : A/p→ A/p be a Frobenius map.
Definition 2.1. (Fontaine’s ring)
(i) The tilt of A is a perfect Fp-algebra defined as A
♭ := lim←−φA/p.
(ii) The Fontaine’s ring is defined by Ainf(A) := W (A
♭).
Lemma 2.2. Let A be as above. Then the natural maps
lim←−
x 7→xp
A→ A♭ = lim←−
φ
A/pA→ lim←−
φ
A/πA
are isomorphisms where the first map is a map of monoids and the second one is a
map of rings.
Proof. We give a standard proof here. Let (xi) and (yi) be two elements of lim←−x 7→xp A
mapping to the same element in A♭. Then xi ≡ yi mod p and by well-known ar-
gument one deduces that for any n one has xp
n
i+n ≡ y
pn
i+n mod p
n+1. It follows that
xi ≡ yi mod p
n+1. Since n was arbitrary we see that xi = yi by p-adic separatedness,
this proves injectivity.
Let (yi) ∈ A
♭, pick lifts y˜i ∈ A. Then it is easy to check by hands that the limit
limn→∞(y˜
pn
i+n) = xi ∈ A exists and (xi) ∈ lim←−x 7→xp A maps to (yi).
The argument for lim
←−φ
A/πA is almost the same. 
Lemma 2.3. Let A be as above, i.e a π-adically complete commutative ring with
respect to some π|p. Then there are the following ring isomorphisms:
W (A♭) = lim←−
R
Wr(A
♭)
φ∞
←−−
(i)
lim←−
F
Wr(A
♭) −−→
(ii)
lim←−
F
Wr(A/πA) −−→
(iii)
lim←−
F
Wr(A),
where
(i) φ∞ induced by φr : Wr(A♭)→Wr(A♭) for each r;
(ii) the second arrow is induced by the natural map A♭ → A/pA→ A/πA;
(iii) the last arrow is induced by A→ A/πA.
Proof. Cf. [[5], Lemma 3.2]. 
Definition 2.4. Let A be as above and r ≥ 1. We define θ˜r : W (A
♭)→ Wr(A) as a
composition
θ˜r : W (A
♭)→ lim
←−
F
Wr(A)→Wr(A),
where the first map is the isomorphism by the previous lemma, and the second one
is the canonical projection. We also define θr as
θr = θ˜r ◦ φ
r : W (A♭)→Wr(A).
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Let us denote any x ∈ A♭ either as (x(0), x(1), . . .) ∈ lim←−x 7→xp A or as (x0, x1, . . .) ∈
lim
←−φ
A/pA.
Lemma 2.5. For any x ∈ A♭ we have θr([x]) = [x(0)] ∈ Wr(A) and θ˜r = [x(r)] for
any r ≥ 1.
Proof. Straightforward computation through above isomorphisms. 
Now we show some compatibility of the Fontaine’s maps θr and θ˜r with usual
operations on Witt vectors.
Lemma 2.6. Let A be as above. Then the following diagrams commute
W (A♭)
θr+1
//
id

Wr+1(A)
R

W (A♭)
θr
// Wr(A)
W (A♭)
θr+1
//
φ

Wr+1(A)
F

W (A♭)
θr
// Wr(A)
W (A♭)
θr+1
// Wr+1(A)
W (A♭)
θr
//
λr+1φ−1
OO
Wr(A)
V
OO
where λr+1 ∈ W (A♭) satisfying θr+1(λr+1) = V (1) in Wr+1(A). Also the following
diagrams commute
W (A♭)
θ˜r+1
//
φ−1

Wr+1(A)
R

W (A♭)
θ˜r
// Wr(A)
W (A♭)
θ˜r+1
//
id

Wr+1(A)
F

W (A♭)
θ˜r
// Wr(A)
W (A♭)
θ˜r+1
// Wr+1(A)
W (A♭)
θ˜r
//
×φr+1(λr+1)
OO
Wr(A)
V
OO
Proof. We prove that the second group of diagrams commutes, one then checks that
the first group of diagrams commutes straightforwardly. Under the sequence of iso-
morphisms in Lemma 2.3 defining W (A♭) ≃ lim←−F Wr(A) it is easy to see that the
action of φ−1 on W (A♭) corresponds to R on lim
←−F
Wr(A). Hence the first diagram is
commutative. Commutativity of the second diagram follows trivially from the defi-
nition of Fontaine’s map. For the third diagram we note that V F is a multiplication
by V (1) on Wr+1(A). Using this fact and the commutativity of the second diagram
we obtain the commutativity of the third one. 
Now we are ready to define perfectoid rings. First we discuss the relation between
the surjectivity of Frobenius map with the surjectivity of Fontaine’s map.
Lemma 2.7. Let A be a π-adically complete commutative ring where π ∈ A is such
that πp|p. Then the following are equivalent:
(i) Every element of A/πpA is a pth-power;
(ii) Every element of A/pA is a pth-power;
(iii) Every element of A/πp is a pth-power;
(iv) F : Wr+1(A)→Wr(A) is surjective for all r ≥ 1;
(v) θr : W (A♭)→Wr(A) is surjective for all r ≥ 1;
(vi) θ = θ1 : W (A♭)→ A is surjective.
Proof. The implications (i) ⇒ (ii) ⇒ (iii) follow immediately since πpA ⊆ pA ⊆
πpA. (v)⇒ (vi) is also trivial since θ = θ1.
(iii)⇒ (i): from a simple inductive argument it follows that for any x ∈ A we can
write x =
∑∞
i=0 x
p
iπ
pi for some xi ∈ A but then x ≡ (
∑∞
i=0 xiπ
i)p mod pπA
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(iv)⇒ (ii): It is obvious since the Frobenius F : W2(A)→ A is explicitly given by
(α0, α1) 7→ α
p
0 + pα1.
(iv) ⇒ (v): The hypothesis states that transition maps in the inverse system
lim
←−F
Wr(A) are surjective, which implies that each map θ˜r is surjective, and hence
that each map θr is surjective.
(ii)⇒ (iv): Follows from the result of Davis-Kedlaya, cf. [7].
(vi)⇒ (ii): Clear since any element of A in the image of θ is a p-th power mod p.
More precisely, this follows from the computation θ([x]) = [x(0)] = [x(1)]p mod p. 
Lemma 2.8. Let A be a ring which is π-adically complete with respect to some
element π ∈ A such that πp|p, and assume that equivalent conditions of the previous
lemma are true.
(i) If ker θ is a principal ideal of W (A♭), then
(a) the p-power map φ : A/πA→ A/πpA is an isomorphism;
(b) any generator of ker θ is a nonzerodivisor;
(c) an element ξ ∈ ker θ is a generator if and only if its Witt vector expansion
ξ = (ξ0, ξ1, . . .) is such that ξ1 is a unit of A♭;
(d) any element ξ ∈ ker θ satisfying θr(ξ) = V (1) ∈ Wr(A) for some r is a
generator of ker θ (and such an element exist).
(ii) Conversely, if π is a nonzerodivisor and φ : A/πA→ A/πpA is an isomorphism,
then ker θ is principal.
Proof. For the proof see [3], Lemma 3.10 and Remark 3.11. 
Definition 2.9. A ring A is called perfectoid if and only if the following three con-
ditions hold:
(i) A is π-adically complete for some element π ∈ A such that πp|p;
(ii) the Frobenius map φ : A/pA→ A/pA is surjective;
(iii) the kernel of θ : W (A♭)→ A is principal.
Let us describe the kernels of Fontaine’s maps θr in the perfectoid case:
Lemma 2.10. Let A be a perfectoid ring and ξ ∈ W (A♭) be any element generating
ker θ. Then ker θr is generated by nonzerodivisor
ξr := ξφ
−1(ξ) . . . φ−(r−1)(ξ)
for any r ≥ 1. Also ker θ˜r is generated by the nonzerodivisor
ξ˜r := φ
r(ξr) = φ(ξ) . . . φ
r(ξ)
Proof. It is clear that it suffices to show the claim for ξr. We use induction on r. The
base of induction is trivial by our assumptions. Fix r ≥ 1 for which the result is true.
By Lemma 2.8 we may assume that θr+1(ξ) = V (1) (after multiplying ξ by a unit).
Hence by Lemma 2.6 we have the following commutative diagram
0 // W (A♭)
ξφ−1
//
θr

W (A♭)
θ
//
θr+1

A // 0
0 // Wr(A)
V
// Wr+1(A)
Rr
// A // 0.
Note that both rows are exact. Since ker θr is generated by ξφ
−1(ξ) . . . φ−(r−1)(ξ) we
conclude that ker θr+1 is generated by ξφ
−1(ξ) . . . φ−r(ξ). 
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3. Prisms and distinguished elements
Fix a prime p. In this section we define prisms and the prismatic site and prove
some their basic properties. We also provide some preliminary information about
δ-rings.
3.1. δ-rings. The goal of this subsection is to record some facts about δ-rings. They
were introduced by Joyal in [11]. This notion provides a good language to deal with
rings with a lift of Frobenius modulo p. The good reference for this theory is [6].
Definition 3.1. A δ-ring is a pair (A, δ) where A is a commutative ring and δ : A→ A
is a map of sets with δ(0) = δ(1) = 0, satisfying the following two identities
δ(xy) = xpδ(y) + ypδ(x) + pδ(x)δ(y)
and
δ(x+ y) = δ(x) + δ(y) +
xp + yp − (x+ y)p
p
.
In the literature, a δ-structure is often called a p-derivation. The main feature of
the δ-structure is that it gives a Frobenius lift:
Lemma 3.2. (δ-structures give Frobenius lifts)
(1) Suppose δ : A→ A gives a δ-structure on A then the map φ : A→ A given by
φ(x) = xp+pδ(x) defines an endomorphism of A that is a lift of the Frobenius
on A/p.
(2) When A is p-torsion free the construction in (1) gives a bijection between
δ-structures on A and Frobenius lifts modulo p on A.
(3) If A is a δ-ring then φ : A → A is a δ-map, i.e. φ(δ(x)) = δ(φ(x)) for any
x ∈ A.
The proof is standard and can be found in [5].
Example 3.3. The previous lemma gives us many easy examples of δ-rings when A
is p-torsion free.
(1) The ring Z with identity φ(x) = x. Moreover, it is easy to see that this is an
initial object in the category of δ-rings.
(2) The ring Z[x] with φ determined by φ(x) = xp + pg(x) for any g(x) ∈ Z[x].
(3) If k is a perfect field of characteristic p > 0 then the ring of Witt vectors
W (k) admits a unique standard lift of Frobenius which also gives a unique
δ-structure on W (k)
Definition 3.4. A δ-ring A is called perfect if φ is an isomorphism.
3.2. Prisms and distinguished elements. In this subsection we discuss definitions
and some properties of prisms and distinguished elements. We assume that all rings
that appear are p-local, i.e. p ∈ Rad(A) where Rad(A) is the Jacobson radical of A.
We clearly have this condition if A is p-adically complete.
Definition 3.5. Let A be a δ-ring. An element d ∈ A is called distinguished or
primitive if δ(d) is a unit in A.
Note that since δ commutes with φ by Lemma 3.2 and all our rings are p-local we
see that d is distinguished if and only if φ(d) is distinguished.
Example 3.6. The main "cohomology" examples are the following:
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(1) Let (A, d) be (Zp, p). This will give crystalline cohomology theory.
(2) Let (A, d) be (Zp[q], [p]q =
qp−1
q−1
) with δ-structure given by φ(q) = qp. [p]q is
distinguished since δ([p]q) ≡ δ(p) mod q − 1. Indeed, one then uses part (1)
and (q − 1)-adic completeness. This will give q-de Rham cohomology theory.
(3) Let C/Qp be a perfectoid field and (A, d) be (Ainf(OC), ξ), where ξ is any
generator of Fontaine’s map A → OC . Then A admits a unique δ-structure
given by the usual lift of Frobenius. The distinguishedness of ξ can be seen
similar to part (2). This will give Ainf-cohomology theory.
Definition 3.7. (Category of prisms).
(1) A δ-pair (A, I) is a prism if I ⊂ A is a Cartier divisor on Spec(A) such that
A is derived (p, I)-complete and p ∈ IA+ φ(I)A.
(2) A map (A, I) → (B, J) is (faithfully) flat if the map A → B is (p, I)-
completely (faithfully) flat, i.e. A/(p, I)→ B ⊗LA A/(p, I) is (faithfully) flat.
(3) A prism (A, I) is called
– bounded if A/I has bounded p∞-torsion, i.e. A/I[p∞] = A/I[pc] for some
c ≥ 0.
– perfect if A is a perfect δ-ring, i.e φ is an isomorphism.
– orientable if the ideal I is principal, the choice of a generator is called an
orientation.
– crystalline if I = (p).
Remark 3.8. By [5], Lemma 3.1 the condition p ∈ IA + φ(I)A is equivalent to the
fact that I is pro-Zariski locally on Spec(A) generated by a distinguished element.
Thus it is usually not much harm to assume that I = (d).
Example 3.9. Let A be a p-torsion free and p-complete δ-ring. Then the pair (A, (p))
is a crystalline prism. Conversely, any crystalline prism is of this form.
Example 3.10. Let A0 = Z(p){d, δ(d)
−1} be the displayed localization of the free
δ-ring on a variable d. We denote by A the (p, d)-completion of A0. Then (A, (d)) is
a bounded prism. Moreover, it is the universal oriented prism.
Let us recall the relation between perfectoid rings and perfect prisms. We start we
the notion of the perfection of a prism.
Lemma 3.11. Let (A, I) be a prism. Let us denote the perfection colimφA of A
by Aperf . Then IAperf = (d) is generated by a distinguished element, both d and p
are nonzerodivisors in A and A/d[p∞] = A/d[p]. In particular, the derived (p, I)-
completion A∞ of Aperf agrees with the classical one and (A∞, IA∞) is the universal
perfect prism under (A, I).
Proof. Cf. [[5], Lemma 3.9]. 
Theorem 3.12. The functor
{perfect prisms (A, I)} → {perfectoid rings R}, (A, I) 7→ A/I
is an equivalence of categories with inverse R 7→ (Ainf(R), ker(θ˜)), where the right-
hand side is defined in Section 2.
Proof. Cf. [[5], Theorem 3.10]. 
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3.3. The prismatic site. Now we are ready to define the prismatic cohomology
of a smooth A/I-algebra R. In some sense the definition is a mixed-characteristic
analogue of a crystalline site.
Definition 3.13. Let (A, I) be a prism and R – a formally smooth A/I-algebra. The
prismatic site of R relative to A is the category whose objects are prisms (B, IB)
over (A, I) with an A/I-algebra map R → B/IB. Morphisms in this category are
defined in the obvious way. We shall denote this site as (R/A)∆, write its typical
object as (R→ B/IB ← B) and display it as
A

// B

A/I // R // B/IB.
We endow (R/A)∆ with the indiscrete topology, so all presheaves are sheaves au-
tomatically. We also define a structure sheaf O∆ and a structure sheaf modulo I
denoted by O∆ as functors that send (R→ B/IB ← B) ∈ (R/A)∆ to B and B/IB
respectively. Note that we really have O∆ ≃ O∆/IO∆.
Remark 3.14. Strictly speaking the category defined above is the opposite of what
ought to be called the prismatic site. However, we think that there will not be any
confusion because of this abuse of notation. We also refer to covariant functors O∆
and O∆ as sheaves on (R/A)∆.
Remark 3.15. If X is a formally smooth A/I-scheme, there is an obvious analogue
of (R/A)∆. We will denote this prismatic site as (X/A)∆. In this section we will
work only with an affine case. There are two reasons for this:
(1) One does not lost too much generality. More precisely, once the relevant
comparison theorems are proven in the affine case in a sufficiently functorial
way, globalization is straightforward.
(2) We can avoid the Grothendieck topology on (R/A)∆, i.e. we can work with
presheaves to get the correct answers. This is very similar to the situation with
the crystalline site: to compute crystalline cohomology of an affine scheme one
can work with indiscrete topology on the crystalline site.
Example 3.16. Assume that A/I = R. In this case the category (R/A)∆ identifies
with the category of prisms over (A, I) and its initial object is (R ≃ A/I ← A).
Definition 3.17. The prismatic complex ∆R/A of R is defined to be RΓ((R/A)∆,O∆)
This is a (p, I)-complete commutative algebra object of D(A). Note that the Frobe-
nius on O∆ induced a φ-semi-linear map ∆R/A → ∆R/A. Sometimes we write ∆R/A as
RΓ∆(R/A).
We also define the Hodge-Tate complex ∆R/A := RΓ((R/A)∆,O∆). There is an
obvious isomorphism ∆R/A ⊗
L
A A/I ≃ ∆R/A.
Example 3.18. If R = A/I, then ∆R/A ≃ A and ∆R/A ≃ A/I. This follows immedi-
ately as (R ≃ A/I ← A) ∈ (R/A)∆ is the initial object.
In the following we will need that the Hodge-Tate complex localizes for étale topol-
ogy.
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Lemma 3.19. (Étale localization). Let R and S be p-completely smooth A/I-algebras.
Assume that we have a p-completely étale map R → S. Then there is a natural iso-
morphism ∆R/A⊗̂
L
RS ≃ ∆S/A.
Proof. Cf. [[5], Lemma 4.19]. 
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4. De Rham - Witt forms
As we mentioned in the introduction if the statement of Question 1.1 is true one
requires that for any prism (A, I) there is a canonical map
Wr(A/I)→ A/Iφ(I) . . . φ
r−1(I).
The construction of these maps is contained in this section. We also give the necessary
information on the de Rham-Witt complex following [9] and [12]. The section ends by
the application of the higher Cartier isomorphism to some form of the de Rham-Witt
comparison for crystalline prisms.
4.1. The universal map. Let (A, d) be an oriented prism. We start with the fol-
lowing proposition.
Proposition 4.1. There is a functorial map
Wn(A/d)→ A/dφ(d) . . . φ
n−1(d)
which is an isomorphism when (A, d) is perfect. Moreover, in the perfect case the
inverse map can be explicitly written as θ˜r ◦ φ = θr ◦ φn−1, where θr and θ˜r are
Fontaine’s maps constructed in Definition 2.4.
Proof. First we assume that A/d is p-torsion free. Then it follows that the obvious
map
A/dφ(d) . . . φn−1(d) →֒
n−1∏
i=0
A/φi(d)
is injective. Thus to define the required map we can define a map from Witt vectors
Wn(A/d) to
∏n−1
i=0 A/φ
i(d) and then show that the image of this map actually lies in
A/dφ(d) . . . φn−1(d).
So we define a map rn : Wn(A/d)→
∏n−1
i=0 A/φ
i(d) on generators by
V j([x]) 7→ (pjxp
n−j−1
, pjφ(x)p
n−j−2
, . . . , pjφn−j−1(x), 0 . . . , 0︸ ︷︷ ︸
j times
).
Now we will prove the proposition in the universal case, i.e when (A, d) is the
universal oriented prism. Moreover, it is proved in [5] that the map A→ Aperf → A∞
is faithfully flat, where Aperf is the perfection of A and A∞ is the derived (p, d)-
completion of Aperf . Using faithfully flatness base change we can reduce to the case
of A∞. From now on let us denote this ring simply by A.
Recall the following result from [3]:
Lemma 4.2. Let R be a perfectoid ring and θr : Ainf(R) → Wr(R) be a Fontaine’s
map. Let wr : Wr(R)→ Rr be a ghost map. Then
w ◦ θr = (θ, θφ, θφ
2, . . . , θφr−1).
Recall that by Theorem 3.12 the construction (A, I) 7→ A/I defines an equivalence
of categories between perfect prisms and perfectoid rings. Moreover, A can be re-
covered from A/I as Ainf(A/I) and I can be recovered as the kernel of Fontaine’s
map. Since in our case (A, d) is a perfect prism the ring A/d is perfectoid and A can
be recovered from A/d as Ainf(A/d). Hence by Lemma 2.10 we have the following
isomorphisms:
A/dφ(d) . . . φn−1(d)A→ A/dφ−1(d) . . . φ−n+1(d)A→ Wn(A/d).
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Let us also denote the inverse map by r′n. First thing we want to prove is that
r′n(V (1)) = (p, p, . . . , p, 0) ∈
∏
A/φi(d). In order to do this we note that since A/d
is p-torsion free it follows that the ghost map wn : Wn(A/d) → (A/d)
n is injective.
Let x ∈ A/dφ−1(d) . . . φ−n+1(d)A be such an element that θn(x) = V (1) and y ∈
A/dφ(d) . . . φn−1(d)A be such that φn−1(x) = y. We know that wn(V (1)) = wn(θn(x))
and wn(V (1)) = (0, p, . . . , p). Also from the lemma 4.2 we see that
wn(θn(x)) = (θ(x), θ(φ(x)), . . . , θ(φ
n−1(x))).
Note that in our case θ : A → A/d is just a quotient map, so we can conclude that
x ≡ 0 mod d and φi(x) ≡ p mod d where i = 1, . . . , n − 1 or in terms of y we
have φ−n+1(y) ≡ 0 mod d and φ−n+k(y) ≡ p mod d where k = 2, . . . , n. Applying
φn−k to both sides we see that y ≡ p mod φi(d) where i = 0, . . . , n − 2 and y ≡ 0
mod φn−1(d). We are done with this case.
It is easy to generalize this argument to V j(1). Again let x ∈ A/dφ−1(d) . . . φ−n+1(d)A
be such an element that θn(x) = V
j(1) and y ∈ A/dφ(d) . . . φn−1(d)A be such that
φn−1(x) = y. We know that
wn(V
j(1)) = (0, 0, . . . , 0︸ ︷︷ ︸
j times
, pj, pj , . . . , pj)
and
wn(θn(x)) = (θ(x), θ(φ(x)), . . . , θ(φ
n−1(x))).
Again, we see that φi(x) ≡ 0 mod d for i = 0, . . . , j−1 and φi(x) ≡ pj mod d for
i = j, . . . , n− 1. Using that y = φn−1(x) and applying the corresponding power of φ
we conclude that y ≡ pj mod φi(d) for i = 0, . . . n− j − 1 and y ≡ 0 mod φi(d) for
i = n− j, . . . , n− 1 which is the desired result.
We also need to check where [x] goes under r′n. We claim that
[x] 7→ (xp
n−1
, φ(x)p
n−2
, . . . , φn−1(x)).
Assume that an element t maps to [x] under θn and φ
n−1(t) = y. Then we know that
wn([x]) = (x, x
p, . . . , xp
n−1
). Using this and that
wn([x]) = wn(θn(t)) = (θ(t), θ(φ(t)), . . . , θ(φ
n−1(t)))
we see that φi(t) ≡ xp
i
mod d for i = 0, . . . , n−1. Then applying equality φn−1(t) =
y and the corresponding power of φ we conclude that y ≡ φi(x)p
n−i−1
mod φi(d)
where i = 0, . . . , n− 1.
We proved that (xp
n−1
, φ(x)p
n−2
, . . . , φn−1(x)) actually lies in A/dφ(d) . . . φn−1(d).
Moreover, (pj, pj, . . . , pj, 0, 0, . . . , 0︸ ︷︷ ︸
j times
) also lies in A/dφ(d) . . . φn−1(d). Hence, by mul-
tiplying these elements we see that (pjxp
n−j−1
, pjφ(x)p
n−j−2
, . . . , pjφn−j−1(x), 0, . . . , 0︸ ︷︷ ︸
j times
)
lies in A/dφ(d) . . . φn−1(d). So the image of generators under the map rn lies in
A/d . . . φn−1(d)A. The compatibility with the ring structure follows since the map
rn coincides with r
′
n = (θn ◦ φ
n−1)−1 on generators as we have shown above. We are
done with the universal case.
Note that from the faithfully flat base change the result and the formula follows
automatically for free δ-rings over the universal prism. Now assume that A/d is p-
torsion free. We can take a part of its simplicial resolution ˜˜A⇒ A˜→ A where A˜ and
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˜˜A are free δ-rings over the universal prism. Then one has the following commutative
diagram:
Wn(
˜˜A/d)

//
// Wn(A˜/d)

// Wn(A/d)

✤
✤
✤
˜˜A/d . . . φn−1(d)
//
// A˜/d . . . φn−1(d) // A/d . . . φn−1(d)
where the right downward arrow exists by the universal property since Wn(A/d) is a
coequalizer ofWn(
˜˜A/d)⇒Wn(A˜/d). The explicit formula for a p-torsion case follows
from the above and the surjectivity of right horizontal maps. Therefore we get the
result and the explicit formula for arbitrary p-torsion free A.
To prove the result for a general prism A one repeats the argument from the above
paragraph: take a part of a simplicial resolution ˜˜A⇒ A˜→ A where A˜ and ˜˜A are free
δ-rings over the universal prism. Note that in the general case there is no way to get
the explicit formula since the map A/d . . . φn−1(d) →
∏n−1
i=0 A/φ
i(d) is not injective.
Again consider the following commutative diagram
Wn(
˜˜A/d)

//
// Wn(A˜/d)

// Wn(A/d)

✤
✤
✤
˜˜A/d . . . φn−1(d)
//
// A˜/d . . . φn−1(d) // A/d . . . φn−1(d)
and conclude because Wn(A/d) is a coequalizer of Wn(
˜˜A/d)⇒Wn(A˜/d). 
Remark 4.3. From the construction of the map above and Lemma 2.6 we see that
the following diagram is commutative
Wr+1(A/d)
λr+1
// A/d . . . φr(d)
Wr(A/d)
λr
//
V
OO
A/d . . . φr−1(d)
φr(d)×unit
OO
where λr is the constructed map. We will use this later in Propositions 5.8, 5.9.
Remark 4.4. There is an étale localization property for ∆R/A/d . . . φ
n−1(d). Indeed,
with the notation of Lemma 3.19 one has the following isomorphism:
∆R/A/d . . . φ
n−1(d)⊗̂
L
Wn(R)Wn(S) ≃ ∆S/A/d . . . φ
n−1(d).
To see this by derived Nakayama argument it is enough to check the isomorphism
after a base change −⊗̂
L
A/d...φn−1(d)A/d. Hence it suffices to check
∆R/A⊗̂
L
Wn(R)Wn(S) ≃ ∆S/A.
Next, the left-hand side can be rewritten as ∆R/A⊗̂
L
R(R⊗̂
L
Wn(R)Wn(S)). Since R→ S
is p-completely étale, the term in the last brackets is exactly S (follows from [12] or
[3]). Hence we conclude the result by Lemma 3.19.
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4.2. The de Rham-Witt complex. Assume A is a Z(p)-algebra.
Definition 4.5. (F -V -procomplex). Let B be an A-algebra. An F -V -procomplex
consists of the following data (W•r , R, F, V, λr):
(i) a commutative differential graded Wr(A)-algebra W
•
r =
⊕
n≥0W
n
r for r ≥ 1;
(ii) morphisms R :W•r+1 → R∗W
•
r of differential gradedWr+1(A)-algebras for r ≥ 1;
(iii) morphisms F :W•r+1 → F∗W
•
r of graded Wr+1(A)-algebras for r ≥ 1;
(iv) morphisms V : F∗W
•
r →W
•
r+1 of graded Wr+1(A)-modules for r ≥ 1;
(v) morphisms λr : Wr(B)→W
0
r for each r ≥ 1, commuting with R, V, F ;
such that the following holds:
- R commutes with both F and V ;
- FV is a multiplication by p;
- FdV = d;
- V (F (x)y) = xV (y);
- (Teichmüller identity). Fdλr+1([b]) = λr([b])
p−1dλr([b]) for b ∈ B and
r ≥ 1.
These complexes are also called Witt complexes.
Theorem 4.6. (See [12]) There is an initial object {WrΩ•B/A}r in the category of F -
V -procomplexes, called the relative de Rham-Witt complex, i.e. if (Wr, R, F, V, λr) is
any F -V -procomplex for B/A, then there are unique maps of graded Wr(A)-algebras
λ•r : WrΩ
•
B/A →W
•
r
which are compatible with R,F, V in the obvious sense and such that λ0r : Wr(B) →
W0r is the structure map λr of the Witt complex Wr for r ≥ 1.
Proof. (sketch). We need to check the following two key points:
(i) Assume W• is a Witt complex. Then for all n the map d : Wn(B) → W
1
n is a
pd-derivation, in particular, Wn is a pd-dga, e.g. for x ∈ B
dγp(V [x]) = γp−1(V [x])dV [x].
Indeed, from the definition of pd-structure on W (B) this holds if and only if
pp−2dV [x]p = pp−2V [x]p−1dV [x], but
dV [x]p = d([x]V (1)) = V (1)d[x] = V Fd[x] = V ([x]p−1d[x]) = V [x]p−1dV [x].
(ii) If D : Wn(A) → M is a pd-derivation into Wn(A)-module M , then FD :
Wn−1A→ F∗M defined by
FDx = [ap−1]D[a] +DV [b]
for x = [a] + V [b] is a pd-derivation.
It follows from (ii) that the projective system Ω˜•Wn(B)/Wn(A) (pd-de Rham complex)
acquires maps of graded algebras F : Ω˜•Wn(B)/Wn(A) → Ω˜
•
Wn−1(B)/Wn−1(A)
satisfying
some of the identities in the definition of F -V -procomplex
(FdV x = dx for x ∈ Wn(B), Fd[x] = [x
p−1]d[x] for x ∈ B, dFx = pFdx).
Then the projective system W•Ω
•
B/A is constructed inductively as a quotient of
Ω˜•Wn(B)/Wn(A). 
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Theorem 4.7. (Higher Cartier isomorphism). Let X/k be a smooth scheme over
a perfect field k of char p > 0. For n ≥ 1, F n : W2nΩiX → WnΩ
i
X induces an
isomorphism
WnΩ
i
X → H
iWnΩ
•
X ,
compatible with products and equal to C−1 for n = 1.
Proof. We note that the main point of the proof is to show that F nW2nΩiX = ZWnΩ
i
X .
The proof was given in [8] is insufficient, it was corrected in [10]. One uses the
description of WnΩ
•
X for X = Speck[t1, . . . , tn] in terms of the complex of integral
forms and the Cartier isomorphism. 
Lemma 4.8. (Étale extensions). Let A→ B be a morphism of Z(p)-algebras, and let
S be an étale B-algebra. Then the natural map
WrΩ
n
B/A ⊗Wr(B) Wr(S)→WrΩ
n
S/A
is an isomorphism.
Proof. If p is nilpotent in B or B is F -finite then the result follows from [12], Propo-
sition 1.7. This assumption used in [12] only to guarantee that Wr(B) → Wr(S) is
étale, which is always true by [3], Theorem 10.4. It follows by Theorem 10.4 that the
argument of [12] works in general. 
Let X/S be a smooth scheme over S. Then WΩ•X/S can be equipped with the
canonical filtration FilnWΩ•X/S := ker(WΩ
•
X/S →WnΩ
•
X/S). It is proved in [12] that
FilnWΩiX/S = V
nWΩiX/S + dV
nWΩi−1X/S .
Moreover, if a base scheme S is over Fp then we have an extension
0 // ΩiX/S/BnΩ
i
X/S
// grnWΩiX/S
// Ωi−1X/S/ZnΩ
i−1
X/S
// 0,
where Zn and Bn are iterated cycles and boundaries respectively of Ω
•
X/S defined
inductively via Cartier isomorphism.
The main advantage of the de Rham-Witt complex is that there is a comparison
theorem with crystalline cohomology.
Theorem 4.9. Let S be a ring such that p is nilpotent in S, X/S be a smooth scheme
over S. There exists a canonical isomorphism of projective systems of D(X,Wn(S)):
Ru∗OX/Wn(S) ≃WnΩ
•
X/S .
Proof. For S = Spec(k), where k is a perfect field the proof was given in [8]. The
general case was obtained in [12] 
4.3. The de Rham-Witt complex for a polynomial algebra. Assume X/S is a
smooth scheme. From Lemma 4.8 above it follows that the determination of WnΩ
•
X/S
is reduced to WnΩ
•
B/A where B = A[T1, . . . , Tr]. For the case A = Fp one has the
following description of WnΩ
•
B/Fp
due to P. Deligne:
WnΩ
•
B ≃ E
•/(V nE• + dV nE•),
where E• is the complex of integral forms E• ⊂ Ω•C/Qp , and C = Qp[T
p−∞
1 , . . . , T
p−∞
r ]
with V = pF−1 and F (Ti) = T
p
i where ω ∈ E
i if and only if w and dw are integral,
i.e. have coefficients in Zp.
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Proof. (Sketch). First we observe that E0/V nE0 = Wn(B) and that
E• := (E
•/(V nE• + dV nE•))n≥1
is a Witt complex over B/Fp, hence there is a natural map W•Ω
•
B/Fp
→ E•. To prove
that this map is an isomorphism one uses that as a complex of Zp-modules E has a
natural grading by group Γ = (Z[1/p]≥0)
r, E =
⊕
k∈Γ kE, where x =
∑
ai(T )d log(Ti)
belongs to kE, i.e. is of homogeneous of degree k if and only if the polynomials ai(T )
are. Here i = (i1 < . . . im) and d log(Ti) = d log(Ti1) . . . d log(Tir). Each kE
m has a
canonical basis consisting of elements ei(k) which are sent to specific elements in the
de Rham-Witt complex. 
Example 4.10. (Cf. [[9], Example on page 14]). Let r = 1, B = Fp[T ], kE
0 =
Zpe0(k), kE
1 = Zpe1(k) with e0(k) = p
u(k)T k if k 6∈ Z where pu(k) is the denominator
of k and e0(k) = T
k otherwise; e1(k) = T
kd log(T ) for k > 0. Then it is not hard
to see that e0(k) maps to [T ]
k if k ∈ Z, to V u(k)[T ]p
u(k)k if k 6∈ Z; e1(k) maps to
[T ]kd log[T ] := [T ]k−1d[T ] if k ∈ Z, to dV u(k)[T ]p
u(k)k if k 6∈ Z. Then one gets the
direct sum decomposition
Wn(B) =
⊕
k integral
(Z/pnZ)[T ]k ⊕
⊕
k not integral
V u(k)(Z/pn−u(k)Z)[T ]p
u(k)k,
WnΩ
1
B/Fp =
⊕
k integral
(Z/pnZ)[T ]kd log[T ]⊕
⊕
k not integral
dV u(k)(Z/pn−u(k)Z)[T ]p
u(k)k,
WnΩ
i
B/Fp = 0, i > 1.
The key observation due to Deligne is that WnΩ
•
B/Fp
contains the de Rham complex
Ω•(Z/pnZ)[T ] as a direct summand, i.e
WnΩ
•
B/Fp = Ω
•
(Z/pnZ)[T ] ⊕ (WnΩ
•
B/Fp)not integral,
and (WnΩ
•
B/Fp
)not integral is acyclic.
Using the information above we also can describe the limitWΩ•B/Fp = lim←−
WnΩ
•
B/Fp
as
W (B) = {
∑
k∈N[1/p]
akT
k : ak ∈ Zp, denominator(k)|ak, lim
k→∞
ak = 0},
WΩ1B/Fp = {
∑
k>0,k∈N[1/p]
akT
k(dT/T ) : ak ∈ Zp, lim
k→∞
denom.(k)ak = 0},
WΩiB/Fp = 0, for i > 1.
This example is generalized to arbitrary r > 0 in [8] and to arbitrary A in [12]. In
particular, one has the decomposition
WnΩ
•
A[T1,...,Tr]/Wn(A) = Ω
•
Wn(A)[T1,...,Tr]/A ⊕ (WnΩ
•
A[T1,...,Tr]/A)not integral,
where the last summand is acyclic. Now we formulate some parts of the discussion
above more generally.
Let A be a Z(p)-algebra. We will give an explicit form of the relative de Rham-
Witt complex of a polynomial (Laurent) algebra A[T±1] := A[T±11 , . . . , T
±1
d ]. Let
a : {1, . . . , d} → p−rZ be a weight. We set ν(a) := mini ν(a(i)) where ν(a(i)) =
νp(a(i)) ∈ Z∪{∞} is the p-adic valuation of a(i). We also define ν(a|I) := mini∈I ν(a(i))
for any subset I ∈ {1, . . . , d}.
Let Pa be the collection of disjoint partitions I0, . . . , In of {1, . . . , d} such that:
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(1) all but I0 are not empty, I0 is possibly empty;
(2) the p-adic valuation of all elements of a(Ij−1) is less or equal then of those
elements of a(Ij) for j ∈ {1, . . . , n}
(3) we fix a total ordering a on {1, . . . , d} such that ν : {1, . . . , d} → Z is weakly
increasing. Then we assume that all elements Ij−1 are strictly a-less than
all elements of Ij.
Let (I0, . . . , Id) ∈ Pa be such a partition and denote by ρ1 the greatest integer
between 0 and n such that ν(a|Iρ1 ) < 0. Also ρ2 is the greatest integer between 0 and
n such that ν(a|Iρ2 ) <∞.
We set u(a) := max{0,−ν(a)}. Now we are ready to define the basic elements
e(x, a, I0, . . . , In) ∈ WrΩ
n
A[T±1]/A
for x ∈ Wr−u(a)(A) as follows:
(1) (I0 6= ∅) the product of elements
V −ν(a|I0 )(x
∏
i∈I0
[Ti]
a(i)/p
ν(a|I0
)
)
dV −ν(a|Ij )
∏
i∈Ij
[Ti]
a(i)/p
ν(a|Ij
)
, where j = 1, . . . , ρ1,
F ν(a|Ij )d
∏
i∈Ij
[Ti]
a(i)/p
ν(a|Ij
)
, where j = ρ1 + 1, . . . , ρ2,
d log
∏
i∈Ij
[Ti], where j = ρ2 + 1, . . . , n.
(2) (I0 = ∅, ν(a) < 0) the product of elements
dV −ν(a|I1 )(x
∏
i∈I1
[Ti]
a(i)/p
ν(a|I1
)
)
dV −ν(a|Ij )
∏
i∈Ij
[Ti]
a(i)/p
ν(a|Ij
)
, where j = 2, . . . , ρ1,
F ν(a|Ij )d
∏
i∈Ij
[Ti]
a(i)/p
ν(a|Ij
)
, where j = ρ1 + 1, . . . , ρ2,
d log
∏
i∈Ij
[Ti], where j = ρ2 + 1, . . . , n.
(3) (I0 = ∅, ν(a) ≥ 0) the product of x ∈ Wr(A) with the elements
F ν(a|Ij )d
∏
i∈Ij
[Ti]
a(i)/p
ν(a|Ij
)
, where j = 1, . . . , ρ2,
d log
∏
i∈Ij
[Ti], where j = ρ2 + 1, . . . , n.
Theorem 4.11. ([12], [3]). The map of Wr(A)-modules:
e :
⊕
a:{1,...,d}→p−rZ
⊕
(I0,...,In)∈Pa
V u(a)Wr−u(a)(A)→WrΩ
n
A[T±1]/A
which sends V u(a)(x) to e(x, a, I0, . . . , In) is an isomorphism.
Proof. Cf. [[3], Theorem 10.12]. 
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Remark 4.12. To describe the de Rham-Witt complex for a polynomial algebra
A[T ] instead of A[T±1] one replaces p−rZ with p−rZ≥0.
4.4. An application of the higher Cartier isomorphism to special perfect
prisms. Our main goal is to prove the following conjecture:
Conjecture 4.13. Let (A, d) be a perfect prism such that A/d is p-torsion free and
S be a smooth A/d-algebra. Then we have the functorial isomorphism
WnΩ
i
S/(A/d) → H
i(∆S/A ⊗
L
A A/d . . . φ
n−1(d)).
We give its proof in the next section. First we prove the special case when d = p
and A/p is a perfect field.
Theorem 4.14. Let (A, p) be a crystalline prism such that A/p is a perfect field and
S be a smooth A/p-algebra. Then
WrΩ
i
S/(A/p) ≃ H
i((S/A)∆,O/p
r).
Proof. Let us denote A/p by k. Our reasoning are very similar to the proof of the
Hodge-Tate comparison in characteristic p. By étale localization we can assume
that S = k[T1, . . . , Tn]. By higher Cartier isomorphism (Theorem 4.7) we have
WrΩ
i
S/k ≃ H
i(WrΩ
•
S/k). By Theorem 4.9 H
i(WrΩ
•
S/k) ≃ H
i(Ru∗OS/Wr(k)). Then
by the crystalline comparison for prismatic cohomology (cf. [[5], Theorem 5.2]) we
know that
H i(Ru∗OS/Wn(k)) ≃ H
i(Ru∗OS/W (k) ⊗
L
W (k) Wr(k)) ≃ H
i(φ∗∆S(1)/W (k) ⊗
L
W (k) Wr(k)),
but by our assumptions on S and A it follows that φ∗∆S(1)/W (k) ≃ ∆S/W (k). Hence,
we see that
WrΩ
i
S/k ≃ H
i(∆S/W (k) ⊗
L
W (k) Wr(k)) ≃ H
i((S/A)∆,O/p
r).

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5. The de Rham-Witt comparison
In this section we get the canonical map from Question 1.1 and prove Conjec-
ture 4.13. We also give an explicit description of the prismatic cohomology for a
polynomial algebra. These are the main results of the paper.
We start with the comparison of prismatic cohomology with [3] which was proved
in [5]. We fix a perfectoid field C of char 0 such that it contains µp∞. Let R be
a p-completely smooth OC-algebra. In [3] the complex AΩ was constructed. The
connection with prismatic cohomology is given in the following theorem:
Theorem 5.1. There is an isomorphism AΩR/A ≃ ∆R(1)/A = φ
∗
A∆R/A of E∞-A-
algebras compatible with the Frobenius.
Proof. Cf. [[5], Theorem 17.2]. 
This can be used to show the conjecture in particular case. First recall the following
sequence of isomorphisms from [3]
H i(AΩR/OC ⊗
L
Ainf(OC),θ˜r
Wr(OC) ≃ H
i(W˜rΩR/OC ) ≃WrΩ
i,cont
R/OC
{−i}.
But from Theorem 5.1 and Proposition 4.1 we know that
H i(∆R/A ⊗
L
A A/d . . . φ
r−1(d)) ≃ H i(AΩR/OC ⊗
L
Ainf(OC),θ˜r
Wr(OC)).
(The Frobenius twist disappears since the map constructed in Proposition 4.1 is
inverse to θ˜r up to φ
−1). Hence in this particular case the statement of Question 1.1
holds true. From now on we omit the upper script "cont" and a Tate twist in the
notation of de Rham-Witt forms.
The main ingredient in the proof of Conjecture 4.13 is the Andre’s lemma which
was first proved in [1] and reproved in [5].
Lemma 5.2. (Andre’s lemma). Let R be a perfectoid ring. There exists a p-
completely faithfully flat map R → S of perfectoid rings such that S is absolutely
integrally closed. In particular, every element of S admits a compatible system of
p-power roots.
Proof. For the proof see [5], Theorem 7.12. 
Now we give a proof of Conjecture 4.13.
Theorem 5.3. Let (A, d) be a perfect prism such that A/d is p-torsion free and S be
a smooth A/d-algebra. Then we have the functorial isomorphism
WnΩ
i
S/(A/d) → H
i(∆S/A ⊗
L
A A/d . . . φ
n−1(d)).
Proof. Let us denote ∆S/A as RΓ∆(S/A). The proof will consist of several reduction
steps.
By our assumptions (A, d) is a perfect prism. Hence R := A/d is a perfectoid
ring. By Andre’s lemma one has a p-completely faithfully flat map R → R˜ with R˜
absolutely integrally closed. In particular, R˜ has a compatible system of p-power roots
of unity. Since R → R˜ is p-completely faithfully flat and both Ainf(R) and Ainf(R˜)
a d-torsion free it follows that Ainf(R) → Ainf(R˜) is (p, d)-completely faithfully flat.
Hence it follows that Wn(R)/p
m → Wn(R˜)/p
m should be faithfully flat. Assume for
now that we have proved the result for R˜. Recall that for perfectoid rings we have
Wn(R) ≃ Ainf(R)/d . . . φ
n−1(d). Since both rings are perfectoid we know that
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WnΩ
i
S/R/p
m ⊗Wn(R)/pm Wn(R˜)/p
m ≃WnΩ
i
S
R˜
/R˜
/pm
and that
H i(RΓ∆(S/Ainf(R))⊗
L
Ainf(R)
Wn(R))/p
m)⊗LWn(R)/pm Wn(R˜)/p
m
is isomorphic to
H i(RΓ∆(S/Ainf(R))⊗
L
Ainf(R)
Wn(R˜))/p
m ≃ H i(RΓ∆(SR˜/Ainf(R˜))⊗
L
Ainf(R˜)
Wn(R˜))/p
m.
Here SR˜ is the base change S ⊗R R˜. Hence by faithfully flat base change we get the
result mod pm for R. After taking a limit we obtain a comparison isomorphism for
R.
Now we prove the result for R˜. Since R˜ is absolutely integrally closed one has
a map Zˆp → R˜. We now explain how to deduce the comparison for R˜ from the
comparison for Zˆp which was explained in the beginning of this section. Recall the
following homological algebra lemma:
Lemma 5.4. Let P → Q be any map of rings and C ∈ D−(P ). Assume that
H i(C)⊗LP Q ≃ H
i(C)⊗P Q for any i. Then H i(C ⊗LP Q) ≃ H
i(C)⊗P Q.
Remark 5.5. The version of the above lemma with completed base change is also
true.
By base change and étale localization arguments for the de Rham-Witt complex
in the perfectoid case we may assume that we work with a polynomial algebra R˜[T ]
where R˜[T ] = R˜[T1, . . . , Tk]. So let C be RΓ∆(Zˆp[T ]/Ainf(Zˆp)) ⊗
L
Ainf(Zˆp)
Wn(Zˆp). By
our assumption we know that H i(C) ≃WnΩ
i
Zˆp[T ]/Zˆp
and
WnΩ
i
Zˆp[T ]/Zˆp
⊗L
Wn(Zˆp)
Wn(R˜) ≃WnΩ
i
Zˆp[T ]/Zˆp
⊗
Wn(Zˆp)
Wn(R˜).
Here we used that R˜ is perfectoid. Hence by Lemma 5.4 we have the second isomor-
phism in
WnΩ
i
R˜[T ]/Ainf(R˜)
≃WnΩ
i
Zˆp[T ]/Zˆp
⊗
Wn(Zˆp)
Wn(R˜) ≃ H
i(C ⊗L
Wn(Zˆp)
Wn(R˜)).
But the last term is exactly H i(RΓ∆(R˜[T ]/Ainf(R˜))⊗
L
Ainf(R˜)
Wn(R˜)) since
H i(RΓ∆(Zˆp[T ]/Ainf(Zˆp))⊗
L
Ainf(Zˆp)
Wn(Zˆp)⊗
L
Wn(Zˆp)
Wn(R˜))
is exactly
H i(RΓ∆(Zˆp[T ]/Ainf(Zˆp))⊗
L
Ainf(Zˆp)
Wn(R˜)).
Hence the result for R˜ follows. So we conclude the result for any perfect prism (A, d)
such that A/d is p-torsion free. 
Remark 5.6. Let us reformulate the result above in more explicit terms when S =
A/d[T1, . . . Tk] is a polynomial algebra over A/d. During next several propositions we
will see the notion of
⊕⊕
many times. By this we mean
⊕
a:{1,...,k}→p−nZ≥0
⊕
(I0,...,Ii)∈Pa
with notations of Theorem 4.11. From this theorem we know that⊕⊕
V u(a)Wn−u(a)(A/d) ≃ WnΩ
i
S/(A/d).
20 S. MOLOKOV
Since (A, d) is perfect the above Theorem 5.3 and Remark 4.3 give the following
isomorphism:⊕⊕
A/d . . . φn−1−u(a)(d) ≃ H i(RΓ∆(S/A)⊗
L
A A/d . . . φ
n−1(d)).
Proposition 5.7. Let (A, d) be a prism such that A/d is p-torsion free. Let S be a
polynomial A/d-algebra A/d[T1, . . . , Tk]. Assume that a map A→ A∞ to its perfection
is faithfully flat. Then there is the explicit functorial isomorphism⊕⊕
A/d . . . φn−1−u(a)(d) ≃ H i(RΓ∆(S/A)⊗
L
A A/d . . . φ
n−1(d))
of A/d . . . φn−1(d)-modules. In particular, this holds true for the universal oriented
prism and for free prisms over the universal one.
Proof. From Remark 5.6 we know the same result for A∞. Moreover, it is clear
that the terms of the explicit isomorphism for A∞ are obtained by the base change
−⊗LAA∞ of the terms of the explicit map for A. We used here that a faithfully flat base
change commutes with taking cohomology. Now we can conclude by the faithfully
flat descent argument. Part for the universal oriented prism and free prisms over the
universal one follows from [5]. 
Now we can deduce the same explicit result for almost arbitrary prism (A, d).
Proposition 5.8. Let (A, d) be a prism and S be a polynomial A/d-algebra A/d[T1, . . . , Tk].
Suppose that φi(d) are nonzerodivisors in A for all i. Then we have the functorial
isomorphism⊕⊕
A/d . . . φn−1−u(a)(d) ≃ H i(RΓ∆(S/A)⊗
L
A A/d . . . φ
n−1(d))
of A/d . . . φn−1(d)-modules.
Proof. First we choose a surjection A¯→ A of prisms such that A¯ is a free prism over
the universal one. From Theorem 5.7 we know that⊕⊕
A¯/d . . . φn−1−u(a)(d) ≃ H i(RΓ∆(S¯/A¯)⊗
L
A¯ A¯/d . . . φ
n−1(d)),
where S¯ = A¯/d[T1 . . . , Tk]. Note that from the zero divisor condition we have⊕⊕
A¯/d . . . φn−1−u(a)(d)⊗A¯ A ≃
⊕⊕
A/d . . . φn−1−u(a)(d)
and also ⊕⊕
A¯/d . . . φn−1−u(a)(d)⊗LA¯ A ≃
⊕⊕
A/d . . . φn−1−u(a)(d).
Let us denote RΓ∆(S¯/A¯)⊗
L
A¯
A¯/d . . . φn−1(d) by T . By the previous observation and
Lemma 5.4 we see that
H i(T ⊗LA¯ A) ≃ H
i(T )⊗A¯ A.
More precisely, this exactly means that
H i(RΓ∆(S/A)⊗
L
A A/d . . . φ
n−1(d)) ≃
⊕⊕
A/d . . . φn−1−u(a)(d)
which is the desired result. 
Now we are ready to construct the de Rham-Witt comparison map for almost
arbitrary prism (A, d).
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Proposition 5.9. Let (A, d) be a prism and S be a smooth A/d-algebra. Suppose
that φi(d) is nonzerodivisor for all i. Then there is the de Rham-Witt comparison
map
WnΩ
i
S/(A/d) ⊗Wr(A/d) A/d . . . φ
n−1(d)→ H i(RΓ∆(S/A)⊗
L
A A/d . . . φ
n−1(d))
of A/d . . . φn−1(d)-modules.
Proof. As usual we may work étale locally, so may assume that S = A/d[T1, . . . , Tk].
By Proposition 5.8 we know that
K :=
⊕⊕
A/d . . . φn−1−u(a)(d) ≃ H i(RΓ∆(S/A)⊗
L
A A/d . . . φ
n−1(d)).
But
WnΩ
i
S/(A/d) ≃
⊕⊕
V u(a)Wn−u(a)(A/d)
and the right hand-side maps to K by Proposition 4.1. To get the desired map one
tensors WnΩ
i
S/(A/d) with A/d . . . φ
n−1(d) over Wn(A/d). 
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